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De Nuraero Radicum in ^quationibus Solidis ac 
Biquadraticis, live tertix ac quarts poteftatis^ 
earumqj limitibus^ tradatiiius Authore K Halley. 

CUM in traBatulo^ quern ?iuper puhUci juris feci in atilt 
htfce Vhilofophtcts^ Num. 188 ^ Methodwn apemijfem^ 
qua Froblemata folida tiUmiq*^ affeBa minimo 7iegotio^ tmica da^ 
ta Parabola d^ Qrctih^ JimpUciffime confinn pojjint *^ Jub finem 
mthi fefe obtidit contemplat'w jucunda fatis^ nempe ex his Co?i- 
ftru^iioiiibtis Ntmerum radictmi in qt^avis jEq74atio?ie^ eartmiqi 
Limites ac Jigna facile confequi ac determinari : quocirMafidem 
dedi me brevi de hac materia differtatitmctdam aliqnam fcrtptiu 
fum^ in qua fi non Prificipibzu^ faltemfecnndie claffis Geometris^ 
7ne non ingratum nee inutile pr^jiiturum oinnino perfuafum 
habui. 

Frophis vera infpicienti mthi compertum eft^ me impruden^ 

tern- inter ardua Geometric a illapfum^ ac jam iis traBandis de-- 

fignatum^ qttibus oUm laboravere Viri illuftres Harrioctus no- 

Jiras^ /?(; Cartefius^ in quibus pari fato titriq-^ Paralogifmum^ 

(for/an in eoru7n fcriptis Geometricis unicum) diverfo tamen 

modo^ admijere\ uti pofthac probabitur: fedQn2Ln(io(^^ bonus 

dormitat. ^ta propter agnita rei turn difficidtate turn pra-^ 

Jiantia^ totis viribus incumbere jlatui^ 7ie promiffis exeque?idis 

impar crederer^ ac ne Geometria pars tarn eximia^ tamq-^ pa^um 

cult a. diutius te^iebris iniwluta lateret ^ fed ope fiojlra lucide 

his paucis expofita daretm% 

Imprimis vero LeBorem monitmn velim^ quod dum his legen- 
dts operam dat^ oportet predict am dtjfertationem Num. i88« 
edit am, adinaimm habere^ ac Conflrudfiones ibidem traditas pro^ 
be caller e -^ quia qu£ fequufittir ah illis maxima ex parte pendent^ 
quas tamen hie re pet ere vix integrum ejjet* 
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Ex Cartefio d^ ex yhi dttlis confiat^ tarn in Cuhich quam m 
Biquadratkis atiuattonibus^ radices expont poffe demmendo per- 
pendkula in Axem, datamve diametrum Parabola dat^. ah in- 
terJe£Uonibus Curv^ illius cttm Ciycido. Cumq-^ Circuhts Fara- 
bolani jeccns^ vel in quattwr vel dtiobus ptmcits earn interfecare 
7iece[je ejt, conjlat in Biquadraticis vel duas vel quatuor radices 
veras^ Ajjirmaiivas vel ISegativas,^ femper haberi , 74ti etiam 
fi forte Cir cuius iU am taniat^ quo in cafu ^qualitas duariimra'- 
diciim ejufdem figni conchidiUn\ In Cubicis aiitem^ quoniam u- 
na ex interfeciionibits ad Co7iJtriiBionem reqiiiritiir^ nonnifi una 
vel tres reliqua radices dejignant iinain vel ires ^ uti in Cafu 
eontaBus^ wide confiat duas aquales reperivi Radicis^ Problemaq-y 
tmde refultat diquatior ever a planum ejfe. 

Cubical itaq-^ omnes quomodocunq-^ affeBa una vel tripUci ra^ 
dice explicabiles funt^ utiq-^ femper pofibiles^ nempe ft radices 
iSegativas pro veris adrniferis : fic Biquadratic ^^ quarum ter- 
minus idthnus y: figno — ajfeBaeft^ duabus vel quatuor. Afifi 
habeatur 4- ^ **^^ ^quatione^ eaq-^ t ant a fit ^ ttt ^/ GD^] — a r, 
(vide fig* pag. 341. J minor fit quam tit Circulus^ eo Radio ac 
■centra G defcriptus^ Parabolam contingere in aliquo punBo 
poffit^ aquatic data omnino inipoffibilis eft, nee nil a Radice ISe- 
gativa vel A^irmativa explicabtlis : Sed tie his plura in Je- 
quentibus. 

Ouoniam vero tanta intercedit differentia inter cafus Cnbica- 
nan d^' Biquadraticarum^ tit fitnml cojnprehendi fieqiteanf^ pri- 
fniim Cubic as deinde alter as traBabinms. Cubic a vero tnfifii^ 
lis CircuUs in data Parabola confruuntur^ Biquadratics autem 
-unico tanttim (faltem his inethodis) : id adeo quia ponendo z — ^e 
five indeterminata aliqua^ aqualem nihilo^ aquatic Cubica re- 
ducitur ad Biquadratic am eafdem radices cum Cubica habentem^ 
atq-^ infuper alt am ip p. e squalem-^ unde fit nt tot CircuUs di^ 
verfis confirm poffit Cubica^ qnot imaginari velis quantitates e, 
id efl infinitts. Inter has vero ConflruBiones iJJa^ quam dedi 
(pag, 542.) longe faciUima efl. lime tamen non multum cedit 
ajia^ qux ad e?iuckatimiem Numeri Radicum^ eanmqj Umi- 
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turn magis accomnwdata vtdetuf\ qtmq-^ orttim trahh ex abla- 
ttone Jecundi termini^ ponen do mo do vulgart x=z -^ vel^-^tertia. 
parte Coejficientis termini fecundi. H^x mttem eft. Ddta- 
Parabola A B Y (^Fig. J. J ejujq:^ Vertice A, axe A £ & La- 
tere reBo a, redncattir aquatio ad for mam confnetam^ viz* z\ 
b z\ a p z, a a q. = o. Deinde ad dtjlantia?n ^b dncatnr 
Axi parallela B K, dextrorfimi quidemji fucrit -f- b, aliter Ji-^ 
nijlrorfiim, ParahoLa occurrens in B ^ ac Une^fitppojit^ A B ert- 
gatitr perpendicidaris utrinque ifiterminata DP5 axi occurrens in* 
punch G, De B in Axem demitte perpendiculum B C, O* ip- 
Ji AC fiat G E femper ^qualis^ ac verfus inferiora pojiatnr^ 
Ab ¥jfiat EH = ; p^ furfum quidem^ Ji in aquatione fuerit 
-f- p, deorfum vero Ji — p, ac e puntlo H (%)el ex E fi de fuerit 
qnantitas pj educatur perpendiculum H Q^i?itermi?iata DP oc* 
currens in punBo O* Denique in line^ HQ^i^iterminata^ Jiat 
O R iz:::: J q, ab O dextrorfiun fi fucrit — q, Jlnifirofnm Ji -f- q, 
coUocancla : ac Circuliis centro R, radio R A deCcrimus^ tot 
pmiBis fecabit Parabolam^ qitot ^quatio propojlta veras habet 
radices ^ e^q-^ ermit perpendicida 7j\ a punctis interfiectiom.mi 

Y in axi parallelam B K demijfia ^ qiiarum qu.n ad dextram li?ie£ 
BK Affir7nativ£ fn?it^ ad fimiftrajn Negativdc. 

Hujus Confirn^ionis commoditas in eo confiflit^ quod circrdo 
per V^rtic€7n traiifennte peragitur^ perinde ac fi defuiffet fecun- 
dus Terminus •, ideoq'^ ad Radicwn Numerum deteri^nnandum^ 
fufficit Loci five Line^ CurvcH proprietates perfpetlas habere^ 
qua fpatia difcriminat^ ubi fi ponatur ceiitrnm Circidi qui per 
^Parabola Verticem tranfeat^ eircumferentia ejus vel uno vel tri-- 
bus aliis pun£iis earn fecabit-^ hoc .efi Line a curva^ in quam in- 
cidunt centra omnium Circulorum per verticem tranfeuntium ac 
deinde Parabolam tangentium^ naturam defiyiire^ 

Locus atitefn ille eft Parabolois^ quam CJtm CI. Wallifio^/^- 
niicubicalem appellare licet^ five in qua Ciibi applicatorum ad- 
Axem fxmt inter fe itt Quadrat a portionum Axis. Ctijus Latus 
tedium efl -/ Later is re6ii data Parabola^ Vertex vero puncinm 

V (Fig, I.) exiftente A V dimidium lateris reBi ejufdem 
Parabola* Hoc efi^ fi. ponaiiir Unit as pro latere redo data Para^ 

C c c 2 bola^ 



C 3Po ] 

hoU^ 7- cubt ordinatmappUcat^ aqnabimtur quadrate partis di^ 
ametri^ Jive cubus ex f V H quadrato ex H R, fi fell. R fit 
eentriifn circuit qui per verticem Parabola tranfeat eamq-^ deinde 
contlngat*^ H^c eji Cnrva ilia quam primus inortalium iNelius 
l^ofira^ reBdi dat^ ^qualem demonjir avit ^ eaq-^ occafwne apud 
Principe s Geometras dudum Celebris j ^^^//^j proprietates CL 
Wailifius fiib finem Libri de CiJJoide^ & Hugenius prop* B& ^ 
de linearum Curvarum evolutione, aliiq-^ acri ingenio dtfqmji-' 
vere^ Quorum fcripta confulat LeBor. Hm Curva utriiiq-^ ab 
Axe Parabola de fcripta^ viz. V N L, Wl^^fpatiwn complecli- 
tur^ ill quo ft ponatur centrum Circuli^ qui per verticem A 
tranfeat^ inter fee abit ille Parabolam in tribus aliis punllis ^ Si)a'' 
tia vero ab Axe remotiora centra prsihent ctrculis non nrf uno 
prater verticem punBo Parabolam fecantibus. 

His probe i?itelle&is jam ad determtnandum Radicum nnme^ 
film accingimitr : Ac primum deficiat fecimdvis termiiuts -^ fitqiie 
Latus reclnm i, vel A Vz:::: ; ;, In confruBioiie V H e[i i p^ 
11 R vero ~, q, cufnq-^ fi fnertt + p, ab Y v erf as ftperiora 
ponendo fit ' p^ centrum circuli extra fpatium LVA femper con-* 
flituitur-^ ideoq\ una tantum radtce explicabilis efl^ ajjvrmativa 
fi — q, negatwa fit Ar q: q^^^^ quidem radices Oirdani Regulis 
mvefligantur. Si vero fuerit — p, V H .-- { p inferne poni- 
t7ir^^ ac fieri poteft ut H R cadat inter Jxem i>"' Curvam V X 
vel y L, fifcilicet Cubus ex \ V H, five ex \ p, major fit quam 
quadratmn ex -^ q, five fy P p P major quam i q q, quo in cafu 
tres dafitur radices^ du^ Negativ^^ fi fuerit — q^ ^c una Ajfir- 
inativa earum fumm^ ^qualis ^ vel y? + q, du^, Ajfirmattva 
nnaq\^ ISegativa. jQuod 7? r; p p p mi?ior fiit quam .;. q q , 
una tantum reperiturKadix^ Ajfirmativa fit — q, negativa fi 
-f- q. Atq-^ lojic pa (Jim do cent ur ab iis qui banc Geometric par- 
tern traEfarunt. 

Jam adfint omnes termini^ ac primum proponatw\ Exempli 
caufa^ iequatio h^c z' — z'b -i-zp^ — q=o^ rz/i etiam Fianram J. 
adapt avimus. In hujus con/lruBione B C zzz jb, Y G z=zi AC 

:^ ,;bb, VE bb, V H ibb — ^p, GH ibb — :p ^^/^d— ;bb. 
him H O == ^b' --^b p vel ib p -- r^, atq-, H R fiive diftar. ^ 
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tla Centri circuit R tth Jxe^ eji fewper differentia inter \h p 
^ ^b' -f- 'q, qimft £quantm\ ccntnim cadit in Jxe^ j^ ib p 
major fit quarn ^'„b^ -|- '^1. ^d fmijirain Jxis^ Jin minor ad dex- 
tram. Si itaq-^ Cubi ex .'VH, (hoc eji ex -^ h* — ^ p qnam 
nonilrienms (1) Latns qnadratmn fve %/ d d d, majus fit quam 
HR^, Jive differentia inter ^'--b^ -f- -jq C^ -Jb p; reperitur cen- 
tntm R iinra fvrih*m N P V. Faralwlotdihus V P X, V N L 
ac recta interminata DNP circvnjcriptiitn: ac proinde circu- 
lui Bar holam Jecabh in trihus puvttis Y, Y, Y^ ad dextram li^ 
7ie£ BK fitis^ atq-j ad'-o ^quatlo tres hahet radices Jffrmati'- 
vas. Centro vera extra hoc fpatium K V P conftitnto^ non ni- 
fi una r a dice Ajjinnatwa explicari potefi. Hie obiter not an-' 
dum redajn D P Parabohidem V P X tnnaere in "Jtintio P, e^f- 
ifrente EF „';^b'^ alterant vera VNL Jecare in pnncio M, 
it a tit dennffo in axem ferpendicido N F^ V F fit pars q^farta 
ipjkis E V fiive ^-^ b, N F vera J^^. V W autein^ qtm e 
punch V axi perpendtciilatiter erect a lines D P ccctirrit in 
W, ^<qn^Jis eji ^'^,b b b fi.ve -lE P. 

Mine ttito concluditttr fi. in aqttattOJte vel p fnajor fit qnam 
ib b^ vel q major quam i:^^ non mfi una7n eanif^ afirmatz^ 
vani radicem reperiri"^ Fallit itaq"^ Regtda Cartefii {Edit, 
ilmft. 1659 pajr. JO) ubi tot veras dart radices qtwt fiunt in 
mtiatione vnttaiiones fitgnonim -i- c^ ~- prommctat^ f'rufira e- 
tiam in Coinvientariis Juis Sphahna hoc excttfiante Schootenioj 
lingi enim pojjimt infinite phtres ^qtiationes pr^cedentis fornni^ 
Ia tres Jignorym imitationes hahentis^ qus imam tayitttm qnam 
qn^ tres habeant radices, Propofitio etiam qmnta SeBionis 
quints Jrtis Jnahtic^ Harriott! Noflri. mi Prob. 18 Kwne^ 
rofia lot'-fh ReJoL VietXy vix fiatts firma e(i^ cum ex limitatt^ 
ombvs quas ihi p'finerunt^ toti par allelogr ammo PIV W id con- 
venlat^ qnod fi)ii f patio N V P jam competere prohavimns^ hoc 
efii lit centrum praibeiit circtdo tribus aliis pufi&is prater ver- 
ticefn Parabelam fecante. 

Ouantkas anUm q, fiive terminus nit. ^ datish C^ p^ ea lege 
i4t p minor fit q^-u-m Mb^ accurate lifmtattfr ex pr^cedente aqua- 

tione V d d d ==: i^' -j^ ,q gojb p^ cum ficiU Circtdus Parabo^ 
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lam contingat. Itaq\ Tq mhior effe debet quam I b p-~ ^^b' -f* 
y" d d d 5 at Jl ^ major fuerit quam lb b, major em ettam e£e o^ 
portet i q qua7n lb p — '^^b^ .-^ y" d' 7ie cad at centrum in fpatt- 
olo N V W : Atq^^ his conditionibns aiquatw femper triplici 
radice, explicabilis erit^ aliter non mji una. Semper vero^ Jive 
tres five iina^ Affirmative. fu?it^ ob poJitione?n ce?itri R ad dex-' 
tram line a D P, 

Atq-^ hk ejl cafus maxime difficiUs^ it a itt qtiicunq:^ pramijfa 
bene calk at feqiientla facili negotio intelli^et. Detitr jam ^c- 
qitatio 7j — b z* --f. p z -f- q =: o. Hie tit tres habeantur ra^ 
dices ^ oportet centrum circuit alicubi intra fpatiwn P N A, 
rcBis P N, V A& curva Faraboloidis N A dejinitum^ reperi- 
Tt ; quapropter cum E F Jit =: lb b, p minor efe debet quam Ibb^ 
jam ad determinalionem quantitatfs q^ exiftente d =r= Ibb — jp 
itt ante a ^ V d d d -^- -^^ b b b — Jb p femper major ejfe debet 
quam I- q, ^it conftititattir centrum circuit in f patio pr^diBo 
PN A: (luod cum Jit ^qnatio talis duas habet radices Affirjna- 
tivas ac imam negativanu Si vera p majo, eji quam vb b, uel #q 
major quam y d d d - 1- -'7 b b b — f b p, 7ion nifi ima eaq-^ ne- 
gativa radice explicahilis e({\ 

Froponatur jam ^zquatio z ^ — b z"" — - p z — q =: o. Vt hac 
aquatic tres haheat B^adices^ oportet centrum circidi alicubi inve-- 
mri in fj?auv h^Mf7itt<s^^ Inter retiam D P D c?r curvam Para-* 
holoidis P X ^ hie quaiititas p non eft obnoxia limit ationibus^ 
Jq vero femper tmnor effe debet quam^/ ddd™,^bbb— ibp,/?^/- 
to d=:ibD -f vp: Koc paBo ducz dantur Radices Negativ^^ 
ac una Afirinativa:^ aliter vero ft ^q major ft quam y ddd — 
f7 b b b — fb p, unica tantum Affirmativa exponi poteft. 
^artc loco ft diquatio z' — b z' — p z -f. q =: o^ qudi duas 
Affirmativas habet Radices ac unam Negativam f centrum cir^ 
culi reperiatur in fpatio indefinito inter reBas P A^ P D ac cur- 
vain Faraboloidis A L :^ hoc eJi, [finfito d :zz: ?bb + f p,) fi iq 
7ninor ft quam Vddd-f. ^^bbb-j-^bp^/ vero #q major 
hac qiiantitate fuerit^ una tantum ISefrativa ineft radix. 
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num termmt nlttmt mtitetur^ fervato figno termini tertit 5 qu^^ 
vero Jffirmatw^e erant radices in tilts hie fitmt 'Negative ^ ^ 
vice verfa. Stc in ^quMione 7} — ^bz* + P^** — q =0. Tina vel 
tres erant Affirmative Radices ^ in hac vero z^ -^ bz' + pz 
-}- q=o vel una uel tres Negative funt^ fub iifdem conditionz'- 
bus 5 7iulla vero omnino Affirmativa. Sic in z^-j-^^'HhP^ — Q=^5 
due funt Negative C^ mia Affirmativa^ ft p fninor fit quam 
f b bj ac aq minor quam y d^ --I-- ^z, b'— | bp, quemadmodum in 
2 5 — b z' 4" P ^' + ^ = ^ ^^^ ^i^v^;^^ Jjfirmative <& mi a Ne-- 
gativa:^ excedentibus autem leges prefcriptas p vel c^^ una tan^ 
turn hie eft radix Affirmativa^ que ibi Negativa erat. Pari mo-- 

do in z'' + b z' — p z -|- Q = ^ "^^^ ^^^^ /^^^ Affirm, ac una 
Neg^ vel una Negativa tantum. Deniq^ iifdem de caufis in ^• 
quattone 1: -|- b z' — p z •— q du£ fimt Negative €^ una 
Affirm^ vel una Affifm^ tantum^ quibus in equatione 2? — bz* 
— pz-f-q du£ erant Ajprnu & una Negativa^ vel una Negativa 
tantum^ nemfe prout fq major vel minor fuerit quam V d^ + 

Si depierit terminus tertius^ five p z, centrum R femper ca^ 
dit in line a IVEa A^ quo circa fi fuerit z^ — b z\ #• — q 
vel z^ -f- b z". ir. + q, wia tantum e£e potefi radix ^ fit — b 
Affirmati%)a^ fi -r^ i^^^tiva. At fi fuerit z' — b %\ #• -f«q 
vel t) 4- bz'. #. — q, du£ poffunt efie Ajjirmativ£ ac una Ne- 
gativa in priore^ vel una Affirm. & du£ Neg. in pojleriori^ ca^ 
dente centro in linea P A inter P ac A, hdc ejl fi Iq fninor fit 
quam -; b'j fin major fuerit^ 7ma tantum Negativa in priore^ 
vel una Affirm^ in pofieriore dart potefi^ 

HaBenus mmerum radicum in Cubicis aquationibus ple7iius 
afiecutifumus^ re flat ut nonnulla adficiam de quantitate radi- 
cum^ Hie primum notandum quod omnis £quatio tres habens 
radices ope TabuU Sinuum^ Trife Bione fcilice t a?tguli^ fatis ex- 
pedite refolvi poffit -, ponendo f ciL V :>b — 'p vel y 4 d, fifue'^ 
fit -f p in equatione, vel y^ tbb 4^ ^p, / — ^p, pro Radio 
Circuli 5 Angulum vero trifecandum qui Sinum habeat in Ta-* 

'™* b * ■"*!— ' bo I . ' t ■■ ' - c\* " •§ 

biila Sinmm ^ '-' LJi^.Jl±il Invento hoc anmo^ Sinus 

Y a d a 
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tertta p^'tis ejm^i4t ^^Shms tertia partis compL ad SemicircU'' 
lum^ eommq'.^ Jiim ma^ ex Ta3ml a SintmM damntur. Hi vem 

Sirms in Radium y 5b b + ' p dticendi Jtmt^ €^ h^c^mitfif 

pimtitates (y dC^ y S%^ y dC/in Fig^J qtmmm & -h veljtmiMi^ 
vel di^^refitia^ pmut ca/ia pq/tfilat^ veras radices jEqnMi^^ 
Tiis exhibehmt. Bm: Cfpuia ex inventis Car^ciii dcrn-nrrcfir : 
Us ver(f c^'^pis omnss qtsafitmn &ri f^q/fS heviter cmmueu ar^ di-^ 
€0 qf4od cemro E, in prima £qfu^tio?ti'mjw:::"'l'r^ cadmte ifi/pa^ 
tio VGF5 Jeliiones dti^ ¥, 1^ cadui^t i^iter \ -d-"- B. ac j/w* 
inde ntraqj ex fdnorihis radkihis minor e/i quam .b^ tertia 
autem & m^^or fim^er /f^perat ib^ Jhperattirvera a b. jQ/wd/i 
cadat in fb/^tia G M V^ dt4£ majares Jtmi: qu.-m f b, mmres 
vera qnam "b^ tertm vetc eft h^ — duahjs alteris. ac pminde 
minm* qtMM 'Ih:. Jed adbilii'a limitMitme qfsanthMis p^ arBio-- 
ri^us terfninis radi vis ifuhdum-ur^ Maxima eirim radix mi^ 
nor efi quam V >b b — -^p 4- "^'b^ major vera qnr7m y tbo-^ 
4-^b- at cum Jb.b minor ejl quam p^ limes ilk fit y |bB— Ip 
J-fb. Radix media femper 7m;:or e/i quam %/ tbb ■ — p + "^^5 
fnajor vero quam *^'b ^ — %/ vbb — Ip ; Inmc veto limitem ntm^ 
^7iam excedit radix ^r^inimaj fed c^^fp qf^afititate c evanelcit. 

hificfmdajhrmtUapraJmptis lefwus duM fmit affirmative ac 
tmanegativa^ ac cadeMe €encrr> iajpati^ G^'E altera ex a^rfna^ 
iivis major e/i^ altera minor qjfam ib^ major vero mn excedit h^ 

'~"~^' ih, eft 

tro 

Quam ib, imior vero quam y fob -4- ^^"^^f Fegativa verofem-' 
per miiior efi qt^am lb. Limites aatem propriores ex data n eva^ 

t »■■ .- ' .*. * „».— ^,...».^, .. 1. 11 ,1 . | | ,|| | » . M .. » ,.| » . ^ 

dtmt^ radicis quidem maxima JffirmativMj^^ "^^^' — P '"f" ^^» 
gua femper minor efl^ nt # major qtiam %/ lb b — Ip -I- fb^ 
i:;r ta^aen lin^tte nmwr eji altera JJ/irmativa^ quie cmn qfianti^ 
tate Q mmtMfir. . Negativa vero ppiper minor efi quam 
yT6b— -'P — fb, ac dfficiente qtMntitate q evanejhit. 

Ib tertiafmmda dti£ Negate fknt ac mm /^prmativa : i;i hae^ 

fit #' 
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tit & in quart a ^ Radices non limit ajitur a qn^nttteite b, Affir-"- 
mativa vero fiinper minor eft quam V -^^ t) + 4? -f* ^t), ma- 
jor tamen quam V p + i^ ^ 4- Jb : maxima vero ex ^ega,^ 
tivis fejHper major eft quam V ib b -f- ip— *-^b, minor vero 

quam y p -j- ^^ ^ "-^ ^^» Minor autem ex ISegativis femper 
minmtuy cum rninuta quayititate q. 

In quart a formula, cadente ceiitro intra fpatium LAP D^ 
ft du£ fmt Affirmative ac una Negativa^ maxima ex Jffirma- 

tivis major e£e nequit quam -%/ p -f- "jb b -^-^h^nec minor quam 
y" ?b b -|- fP + fbj 7ninor vero radix ab hoc limite minuitur^ 
rninuta quantitate q. Negativa autem minor efi quafu 

•V/ ;b b -4- IP — fb^ major vera quam y" p -f* 4b b — fb. 

Notandum vero hie radices Negativas ubiq-^ fgno Affirmati^ 
vo notari^ quia he funt radices Affir?native quatuor aquationwn 
illarum^ in quihus habitur -f- b, ^^ q ftgno contrario notatur ^ ut 
fupra monui. Horum omnium demonftratio ex eo confequitur^ 
quod ubict(nq\ centrum circuli R incidit in Lineas Curvas 
V P X vel V A L, circumferentia ejus Varabolam tangit in 
punBoj cujus difajitia ab axe efi ^/ \V H, eamf^ fecat ex aU 
tera Axis parte^ ad dtfiantiajn 2 \/ |VH^ cu7n vero cetitrum 
cadit in line am D P D, altera ex radicibus fit =:0, ac proinde 
Cubica reducitur ad Quadratic am^ five ad z* — ^bz -{- p=o cf/- 
jus radices limite s defignant ubi evanefcit quantitas q: ac quo- 
minor efi q, eo propius ad has limites accedwtt radices. Qua- 
dratic a efi etiam cum centrum cadit in Axe-^ hoc efi^ cum Iqrz: 
|b p — - i7 b^ in prima formula :y i?^/ |q = ,^ b b b — |b p 
in fecunda ^ in tertia impoffibile efi j at in quart a cum |q = 
^^b b b 4" # t) p ^ quo in cafu minor ex Radicibus Affirmati^ 

vis efi fb, major V fb b -f p 4- fb 5 'Negativa vero y fb b>f p 
— fb. In prhna^ Radices funt fb d^ fb + y f b b — p. In 
fecunda vero formula^ fb C^^ V fb b — p + sb funt Affirmati- 
ve : Negativa autem y" f b b — ^ p •— f b. 

Atf^ loac in Cubicis fufficere poffe videntur\ ob eximtum ve-^- 

to If film Methodic qua opeTabule Sinuum radices haru?n aquatic 

E e ^ ontim 
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mmm znvemuntur, pUcitit unwn vel aherwn exanplum adjun- 
gere^ tit praxis tllms compendium hide innotefcat„ ProponatKr 
jEquatio z zz — 39 z z -f. 479 z — 1881 = o j quanmtur 
radices z. %/ fb b — ip = V 9 f = y d, cujus duphm ■%/ 37'. 

radius eft Circitli 1 o^— ttjj ^= — ^'^ T 

V d d d 9 1- V 9 V 

^^ , 1 T 2 T 2 A 

— ""- — ^^ ^^^'^'^ ri — /TT^^fi /^^-^'^ Tahiilaris JnmlL hoc^ efl^ 

/><f/^ divijione ope Logarithmomm^ Log. 9*9251 560, cut refooi^ 
det^ Anguhis 57gr* 191B. i is. 1. Hujus tenia pars i9go 601". 24s. 
d"* complementi 4Cg, 5gra* 36s. 5i>wij' ^^?i? X^j;, 9#5i4985, 
&<^Si6oii^ qui duBi in Rad, V :^j{-produmnt Y &C, d^ Yc'?C 
Log. 0.301030 = 2 d' £^^. 0.601059 = 45 Uftia vero Y & 
^qualis eft eorurn fifmnm fwe 6. Ideoq^^ radices ftmt 13.^ — 4:^:9* 
13—2 = 11 €^ I3_4-6=J[95 ex qiiibus jmgtdis conflatur predict a 
^quafw. Vbi l^otandtmi duas rninores radices non excedere 
rb vel i^, quia cejitrwn R in confirnBione cadit ad dextram 
Axis ^ id eft ^b^ minor ejl quam ^ b' -|- Iq. 

Exeinplura alterum Jit x^ — I5x^ — 229 x - — 525 := 0. 
& qimrantur radices, y -^b b -f. fp =: y loif = y d, & Ra^ 

^- r-- . f / .r^^-' ^^' + ^bp + Iq 12^4- 5721 + 2621 
ams Circuit %/ 40 5 j. i—^-^J^-^-.^^.,.,.^^ — ^_i«____^ 

y add loif y ioi|^ 

.™ — ,.-X_^_ — --znSimti Tabtdari Arctis^ ctims Log-. 9*97:? 642 5, 

e^ ^r^?//j^ f/?^/^ 70gr. 14111. 22s. hujus pars tertia eji 23gr. 24111. 
47is. & complementi 56. 35. 12^^ qiiorvm Smus Log. 
juM 9.599I83 6^ 9*77'i'^7% qtdbits addito Log. y 4057/?///^ 
Log^ 0.903089=8 & Log. I. o J (^i%i = 12, d^ eorwn ftmma 
=: 20. i?i//'^ concluditur 20 ^ ^h vel 2$ diquari radici Affir- 
mative^ & % & 12 — ^ibfwe ^ d^ y Isegativis. Quod fi .ie- 
quatio fuiptitV'\'\^x" — 2 29x-f.52 5=053 & j fiiiffent Affir- 
mativa ^ 2 5 %)efo Begativa. Caters autem Cubic £ tmica 
tantimi Radice explicabiles juxta Regulas CRvd^ni refolven- 
ddi jitnt^ f oft quam dernptus fiierit Jecundus terminus j iiec vi- 
deo quo paBo ?ninori calculo hoc negotium peragt pojjit. At Jl 
defideretur rddix h£c in ^lamitaitbus b^ p^ q ex pre [fa, dico 
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earn effe hi prima formula^ f b -f- vel^^fumma ve! difjerentid 
Radicum Cubicarum ex V ^q — - rh p' b* -f" 7"?^)' q — j b p q-|- 

+ 17 P' + fy b' + Iq — ib p : i7*^. +, / r^b' ~|^ |q major fit 
quam ih p, ^//^e^r — ' ^ Sninma vero quoties lb b ^^/I'^j^^r eji quant 
p; ^/J;z minor fiteYit lb b, differentia* Inq\ ceteris formidij 
radix f^mper conflatiir ex tifdem elementiSj variatis tamen jiz- 
nis -|. c^ — ^ fizr facile percipiet qui velit experirh 

Ope vero Tabula. Logarith^nica Sininan Verforwn Radices 
ha fatis prompte invenlmitur ; nempe ft Coejficientes Isumen 
fint Surdivel fraEit^ac radices IswneYis zneffabiles'^ tit plennnq-^ 
fit. Hac autem efl Regida : In prima ac fecimda fornmla^ (i 
|b b 7ninor ft quam pj [it |p — |b b = d, & pofita differen- 
tia niter ^^b p ^>' ^ b' -f .iq, hoc ef H R, in prima^ ac inter 
ibp 4. iq d^^ r? b'5 in fecunda^ pro Radio -^ inveniatur angu- 
lus cujiis Tangens ef di \/ A* Deinde tit Cofmus hujus angtdi^ 
ad ejiifdem Sinum verfum : ita differentia pro Radio habita, ad 
quartimij cujus Latus cuhicum trifecando Logarithrnum hahebi- 
tur : ac divifo l^^ — fb b per hoc Latus Cub. e Qiwto fubdu- 
catur Divifor : Refiduum erit quantitas Y 6c, in Fig. L Hufis 
Refidui ac vb fumma^ fi centrum cadit ad dextram Axis^ aliter 
differentia eartmdem. Radix erit quaCita. Quod Ci ihh ma- 
JOT ft quam p^ pofto H R pro Radio^ /V d V d f%)e difantia 
Paraboloidis ab Axe^ Sinus Arcus cujufdam j Htrjus Sinus 
V erf IS ducatur in Radium, five ^b p — r^b' 4- |q, ac trifello 
produtti Logarithmo^ habebitur ejus Latus Cubicum, per quod 
dividatiir ibb— fp, dico (hwti ac divifor is fwmam eadem 
Lege additam vel ablatarn ex fb, Radicem quc^fitam exhibere^ 
Ac par efl ratio in tertia ac quarta formidds^ nif quod ^^ b b 
-f- ib p 4: iq pro Radio affumenda efi^ ac ib b -f- f P i^^ 
y f b b -f- {p Jive d v' d pro Sinn : Sed hxc pr£cepta exeinplis 
fortaffe melius percipientur. 

Sit ^quatio Cidnca z z z ^ — 1 7 ^- 2: + 54 2 — 550^ ac qu^-^ 
rattir Radix z : Hie ib b major efl quam p, fed q major efl 
quam Cubus ex fb, ideof^ nna tantum Jffirinativa Radice ex- 
plicabiUs efl. Jam '4'— t ^ft ^^ ^^ 4^ V "¥ pro Sinu 
habenda eft, ad Radium -:-^ ^ 17s — i^q, hoc efl ^-^-' : 

E e e 2 Jrciis 
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Jrcus vera ccmpetens fit isgr. gm. 49s. Hnjus Sinus Verfi 
Log. 8. 5362576* additus hog. Radii 2.5C959i3, dat. c.8457- 
889. cvi^us tertia pars 0.281^^2^6. eft Log. liadicis Cubicdi 
1,91394, quo divifore divifo --five 4 fit ()uoUts 7.37281 5 
Qvwti ac diviforis fumma^ auBa additione ^b^ fit Radix qua- 
fita^ nempe 14,9534, die. 

ExaBis Cnbtcis Biquadratic as jam aggrediamnr^y li^ fem- 
per vehndlam^ velduas^ velquatuor Radices veras hahent^ qua^ 
mm deverminatio partim a Coefficientibtis^ partirn a figno d^ 
raagnitudine mmieri abfoluti dati^ pendet\ Hamm onmium 
ConfiniBionem generalem (in N^. 1 88* Pag. 341 J fat is con- 
cinnam prodidi^ quam LeBor jam vidifie fupponitiir ^ Figuram 
tamen eo fpeBantem (Fig. IL) hue trans ferre vifum ejl. In Con^ 
HniBione aquationis if" * — ^bz' + pzz — ^qz4-r = 05 fit 
B D = ib, A B = r^b bj B K=: -f, five dimidio Lateris reBi^ 
KC = 2 AB = ^bb. KE=:;bb — ;p, AE— i!- = ^,bb— ip 
FE=:.~^b^ — ibp, ^^E G=^^b^~^ lbp >f Iq^ quo faBo 

Circtihis centra G, Radio y" GD\— r, interfecabit Parabolam 
velnullo^ dtwbtis aut quattwr punBis^ qu^ perpendicidis in line^ 
am DH5 Radices omnes % exhibent. Tit autem quatuor fmt^ 
evidens efi centrum clrculi alicubz confiitui debere intra fpati^ 
wnj de cujus punBo quovis tria perpendicula in Curvam Para^ 
boU demitti poffint *^ atq-j fimnl radium minorem effe maximo ex 
tUis perpendicularibus^ majcrem vero medio, ^uodfi centrum 
conftituatur extra hoc fpatitmi^ ut non nifi una perpendicularis 
in Parabolam demitti pojfit^ qua major fit radius ^ vel fi minor fit 
media ex tribus perpend, major vero quam minima ex tllis^ dus 
tantum poffunt effe radices ^ nulla vero omnifto datur^ quoties 
radius ^/ QfD"^ — t minor efi minima ex tribus^ vel una ilia, 
quoties una tantum efi. 

Jam quale f pat ium hoc fit ^ quibufq*^ limitibus difcernitur^ 
ac quibus conditionibus radiits Circuit minor vel major fit pra* 
diBis perpendicularibtis^ nobis refiat inquirendum ^ ac primum 
quo paBo perpendicularis in Parabolam demitti pojfit ofienden^ 
dum efi. 
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Sit ABC Parabola, A E Axis ejus, A V (Fig. IIL) femi^ 
Latus rectum^ G punBum de quo demittenda ejl perpendicttlaris : 
Ducati'tr Jxi perpends G E, ac bifecetur V E in F, (6^ erettu 
perpend. FH ad idem Axis Latus ^ fiat F H = ~G E ^ dico 
quod CircuIuSy Centra H, radio H A difcriptus^ Parabolam in- 
lerftcabit in punBis tribus vel uno Zt'^ ad qu£ du&aretia G Z 
Curva Parabolic^ perpendiculariter infijlunt. 

TJt aiitem tres fint hu'jufmodi interfeBiones^ oportet cen^ 
trum circuit H it a collocari^ ut fit intra fpatium Parabohidtbus 
(in Fig. 1.) inclufuin ^ hoc efi ut F H fnifius quain y" -*- V F^ 
five F W ininus quam cubus ex | U F : atq\ adeo G E:r:=4FH 
minor erit quam 4 y ;- V F^ fiive 4 \/ ~ V E', hoc eft quadra- 
turn ex QFs minor erit quam ^~ V E^ Coincidujit itaq-^ hi It- 
mites cum Paraboloidibus duabus ejufdem generis cum its quibus 
in Cubicis ufi futnus, fedquarum Latus reBum-duplo minor efi:^ 
viz. — Lateris reBi ParaboU^ hoc efi '-^ ipfius A V: ideoq^^ 
ea ipfia efi linea Curva cujus evolutione generatur Parabola^ fie 
demonfirante Hugenio ^ quamq-^ femper contingit linea D F, 
(Fig. II.) qua Parabola perpendiculariter infifiit in punBo D. 
PimBum autem P, fiive in quo contingit reSia D F Paraboloid 
dem^ centrum eft Grculi^ qui radio D P defcriptus cum Para- 
bola in purMo D coincidit^ fiive ejufidem Curvitatis efi ^ ut per 
fe fatis C07ifitat. 

Defcriptis itaf^ hujufimodi Paraboloidibus V X P, V N A 
(JPi^. IL^ utriiiq-^ ab Axe^ perfpicuum eji quod^ nifii centrum 
Circuli confiituatur ijitra hos limites^ nan pojfiit tile phmbus 
q^iam duobus in punSiis Parabolam interfiecare : wide deterjni" 
nave licet quibus fiiih conditionibus Coefficiejites ternitnoriim in- 
termediorum coercentur^ in aquationibus Fiiquadraticis^ ut hahe- 
antur quatuor radiceso Ac frima f rente clarmn efi p majotem 
ejfie 71071 pofie quam |bb ( ficiL in formnlis ubi habetur -4- pj 
nee q qua^n {^h\ Ge7ieraliter vero -~h' IC ipbljl^q, id 
efi diftantia centri ab Axe E G, mijior ejfie debet quam E H 
= 4V -p VE\ hoc efi (^^ V E z= v\ b S 4: ^pj) quam ^b b 

+ IP V ~h b ^ + "^^l — P 7 J%^2ij* 4- c>^ «^ In dubio reliSfis^ ut 
fecundum ^quationis cnjufvis iiaturam variari pojfimt\^ qiiem-^ 

F f f admoditm 
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admodumm C{Mcis fuperius oftenftmi ej}-^ ac noUern do His tdt- 
dium tnjkere^ ant dijoejittbus Jhigula parttctdatm rimandi vo-^ 
Itftjtatem ac exerctt/itionem pr^ripere, 

Ternnm amern tdtimi r Ufnitatio eadem facdttate inveniri 
vequit"^ iJ adeOy quia Problenia fit Solidimi^ in Cur v am Para^ 
koU demittere perpendicidarein^ quodq-^ ?ion fine fohttione ^- 
qitationis Cubic ^ refolvi pof/it. Laq-^ prima loco deficiat fecun^ 
dns terminus^ vel f adftierit^ tollatm\ at ^cpuatio babe at forma-' 
lam 7u\ •^•. p z^ q z. r. r=o. Ac ft f Iter it — r, femper dnabus 
vel qi'tatiior Radicibus expUcaripotefi*^ nt autem quatnor fint^ o^ 
portet centriifn circuit intra Faraboloides pr.^diBas coiftitui^ 
ji-ve nt fit" — p, /?^ q q minus qnam ~p' fwe cuho ex -'p. Deinde 
habeantur radices dicpiationis hujiis y\ #« ip y- IQ ==^ ^j 
quantitatibus p C^ q iifdem fignis annexis quibus in Biqnadra^ 
tic a. H^ aiitein Radices auxilio Tabids Shmum fatis expedite 
mveniimti'ir. I?ive?itis autem tribus illis y, (qu/^ funt ordi^ 
natim applicat^ ad Axem RaraboL^^ dc punitis ubi incidmit per- 
p^ndictila in Cur v am ejus. fciL 7j Y in Fig. IILJ p yy — 37"^ 
(?x minore y, ^uantitatem maxirnarn r defignabit^ ft fuerit — ^r^ 
qua fi 7ninGr fuerit r, ^quatio quatuorhabebit radices ^aliter du- 
as. J ft ft fuerit -\-r^ oportebit earn minorem effe qviam ^y^ — pyy 
ex media y, nam ft major fit ^ non nifi duas habere pot eft radices^ 
faltefn ft minor ft r quain 5 y'^ — p y y ex maxima y. Hac 
^ero fi maior fit^ mdla omnino radice vera expUcabilis eft: ^qua^ 
tioB Hi vero iidem limites aliter defignantur ex quantitate q, 
fciL -qy* — -y' ^'^ primo cafu^ y"^ — -^.qy in fecundo^ ac f 
^ iq y in tertio. 

Fieri aiitem potefi ut dii(Z minores quantitates y non longe 
diftent ab invicem^ wide evenit quod tttraq-^ ex perpendicular 
rtbus major fit quam recta G A, fciL cum q q majus fit quani 
r;P^ minus vero quam 7; p'j cadente centro intra fpatiurn Pa^ 
raboloidibus utrinfq-^ Figurdit \ &" W interjeBum. Hoc in ca^ 
fu^ fi fuerit -p r, non nifi dutz poftunt effe radices^ exiflente y ** 
'-f- =q y ex maxima Y^ major quarn r^ aliter nulla. Jt ft {qy 
-^— y' ex minima y^ :najor fuerit quam ^ figno — not at a^ r vero 
jncnor quam 'q v — v"^ ex media v, tunc habentur quatuor ra^ 

dices 



dices'^ at du^ t ant urn ft v el major prior e vel minor pofleriore 
invent a Jit x. 

Si vera m ^quatione fuerit -\- P5 vel fi fit - — ^ p ^ q q ma- 
JUS fuerit quam f^p'^ ^quatio y\ ^. *.py. \q wncatanUnnex- 
plicatnr radice y ^ hoc efl una tantmn perpendknlaris de centra 
Circuit demitli potefi : tpide certo concluditnr duas tantum ra- 
dices haberi poffe in AHpuatione data^ qvianim fumma^ f fuerit 
'— r, cum quantitate r au^etur ^ at Ji habcdtnr -f- r, obtenta 
qnantitate y, quant it as ilia r 7ninor ej]c debet qnam y'^H-jq y^ 
nam f ea major ft^ ^quatio propoftta abfurda & impofjibtlis 
ell. 

hongnm & fnperjimim ejfet omnes hijus cenpus ^zqnattones 
percnrrere^ cum ex jam diciis attendenti fatis evidens Jit. qvi^. 
JS'egativ^^ qua Jfjirmativjzfnt'^ atq-^ quod Kadicum harum Li- 
mites ex quantitatihus inveniis y petantm\ In exemplum ve- 
ra^ quod cuivis in c.-eteris i?futari licet^ proponantur indagandi 
limates five conditiones^ fub cpjibus in.JLqiiatione Biquadratica 
4 Radices J/fuyn, dari pofjint. Hoc aiitem^ fit quoties centrum 
circxdi G ponitur in fpatio U P K, (Fig. IL) ac fnnd habetur 
4~ r five Circuli radms minor cniam G D : Unde patet^ aqua- 
tionem de qua agitair hujiis efe formula z ~ b z^' -|- p ?/ 
— qz-j-^r^zziG^ p vera majorern efj^em non pofj'e quam |b b, nee 
:^-pb hoc in cafn^ quam li b' 4- iq^ deinde opus efl nt |p b — ;p 

^*'^' V r6 b b — -Jp major ft quam ~^- -\- \c\ — ip b ; & ex his 
limitibns certo conftabit centrum intra fpatium U PK inveniri» 
Ut vera definiatur cpiantitas r, folvenda primum efl Cubica 
y\ .y ^ _.. J^b' — "^ .;p y nz: -^b' 4^ ^q —^ fp b^ <^ habebuntur 
punBa^ in qua perpendicularcs de xentro in Curvam Parabola 
cadunt* 

Inventis autem tribus valoribns huj-his y, r minor effe debet 
quam vf, b ' 4- ^^b q ~ ,'~b b p -f- 3y ' « — ^'^"Y 7 + P 7 7 ^^ 
media y, major vera quam 77, b^ + lb q - — ,^ b b p -f- 5 y'*' 
— - |b' yy ~f- p y y ex minima y* Hos vera limites ft excedat r, 
non nifi dua Radices haberi pofunt. Deniq-^ fi -|^ b' -j- -f b p 
^ "~ -/^b b p + 3 y ' ^— ib b y y + p y y ex maxima y, minor fu- 
erit cpnard r, aquatio propofta impojjibilis eft* 

F f f 2 Accidit 
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Ji'cidit etiam at quatuor fmt Jffirmativa^ cum Centrum G 
4:onfiituitiir in fpatiolo V T S -^ dutta fell. R T S perpendicular 
ri in medium fuppoJit£ linea A D ; Hoc autem Jit cum p majoii^ 
efl quam T^^h^ ac ibb — .^p y ^^^bb — ip major quam ~;p b 
__-j:^bb b — .^q. Qtio in cafu femper dim^ aliquando tres eps 
Radicibus fitmt majores quam |b» 

l^otandum vera hie limitem ilium ex minima j produ&um^ 
aliquando 7tegativum fieri ^ Jive minorem nihilo\ quoties fcih 
maxima ex tribus perpendicularibus major ejl quam G D* 
(^Fig. If.) Hoc fi accidertt quantitas + r ^ limite prd^fcripta 
ex media y, in nihilum minui potefl. Defecius vera limitis ex 
minima y monjlrat quanta pojjit efie^ — r in aquatione^ fthabe^ 
antur tres radices Affirmative ac una l^egativa \ quamfi exce- 
dat^ non nifi du£^ altera Jfppnativa^ altera Negativa^ dart 
pojfunt. Hm autem omnia demon (Ir antur ex eo quod pradiBi 
limites quantitatis r, Jint differentia Quadratorem linea G D 
O* perpendicularium in Curvam Parabola. 

Ob perplexas vero cautiones^ quas parit in aqiiationibus hif- 
ce Jignorum diverjitas^ praftat fefnper fecundum termtnum toiler 
re^ ac deinde juxta precept a jam tradita radicnm ntmierum ac 
pgna inquirere -^ pr^zfertim fi quaiititates ilL^ y non multum cli* 
(lent ab invicem^ Ex quatuor autem hifce radicibus Jfjirma^ 
tivis^ dua Jemper funt minores quam ib, dua vero inajores j 
nempe Ji D G minor Jit quam A G, five fp b quam ~ b' -|- q* 
Tres autem minores funt quam fb, quoties perpendicidaris me^ 
dia^ five ex media y inventa^ major efi quam A G^ fiive ihhy 
major quam ^y^ — ^p y y ex eadem media y^ Quart a vero d^ 
maxima radix major efi quam maxima y + 4^5 ^quatuor au^ 
tern differentia ipjius b d^ fimmm cater arum trium radicum^ 
ideof^ minor efi b. Sed jam Manum de Tabula; Fortajfiis 
tin qui naturam Parabola penitit4s perfpeEtam habe'nt^ majori 
(ompendio hac omnia peragere valebunt-^ at fi quantitates ha 
omnes b. p. q. &* r, abfq-j refolutione Cubica aquattonts rite 
determinari pojfint^ non fine caufia ambigitur ; quacimq^ enim 
^quationtbiis planis hac in re fimit^ non veros limites^ fi'd ap^ 
proximdtiones tantum exhibent^ 

An Ac coma 
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